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SUMMARY

A method is presented for determining the lateral-stability
derivatives, transfer-function coefficients, and the modes for
lateral motion from frequency-response data for a rigid aircraft.
The method is based on the application of the vector technique
fo the equations of lateral motion, so that the three equations of
lateral motion can be separaied into six equations. The method
of least squares is then applied to the data for each of these
equalions to yield the coefficients of the equations of lateral
molion from which the lateral-stability derivatives and lateral-
motion transfer-funclion coefficients are computed. Two nu-
merical examples are given to demonstrate the use of the method.

INTRODUCTION

In the reduction and generalization of flight-test data,
whether for loads, stability, or control purposes, the airplane
stability derivatives and the coefficients of the transfer
functions are often required. A great deal of emphasis,
therefore, has been placed on the development of analytical
methods for reducing flight data to obtain these basic deriva-
tives and coefficients.

A number of recent methods, for example references 1 to
4, are now available for analyzing longitudinal maneuvers
and determining the longitudinel-stability derivatives and
transfer-function coefficients from flight data. References
1 and 2 present methods of determining the longitudinal-
stability derivatives and transfer functions directly from
tronsient data. Reference 3 reduces data for longitudinal
motion determined from the forced-oscillation technique by
means of circle diagrams to longitudinal-stability derivatives
and frequency response. Mueller, in reference 5, was one
of the earliest to use vector representation in the equations

of longitudinal motion to represent the derivatives and in-'

tegrals of the variables. Schumacher, reference 4, repre-
sented the frequency responses to longitudinal motion as
vectors and substituted them into the equations of longi-
tudinal motion and the transfer functions. He then applied
the method of least squares to these vector equations, &
method which he found very effective in determining certain
of the longitudinal-stability derivatives and transfer-function
coefficients. -

The problem of analyzing lateral motions, howéver, has
not received the same amount of attention as that for longl—
tudinal motion, perhaps because it is more complicated.
Several analytical investigations have been undertaken and &
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few methods ha.veii)een propos such $ the clrcle—dmgra.ﬂ]
met.hod [ref., 6) the step-funchon—rt:sponse method (ref. 6).
in hich-te tesponse of & a.n aupl&ne t3% step deflection of
the rudder .or_aileron is a.nalyzed and the free-oscillatio
Uod ?Dfp(;?)“" 4 hlcrh ﬁhe erlod and damping of the
free, r ,a.fﬁ dué fo a . pulse-type input are
. X tﬁese methods is limited
by‘tlfe)ﬁumber of d ntjr{vlésqf{rhmﬁ'éé.n be extracted, there
is still a need for a more general methol of analysis tha.t_wﬂl
extract all the SIgmﬁcant lateml-sta.bﬂlty de;rlva.taveg;‘?l’r{')ms
ﬂ{ghtﬁiatiim“ e oThuTioh-lid 502 R, WA
Teisehd Piakpode of” fhls“i'eport "to"present & method for
determining, the latera.l-st&bﬂlty‘denﬂratwes of a rigid air-,
liils fnd t0 Alistrdts 1E GRS applyiig it to two examples™
The method is base §1 on the vector’Tepresentation of the
fréqirency’ Fespondds o  thtdral: lﬂohéﬁkf This vector ap-"
proach perrmt.s separation of each of tlfe equations of lateral
mGtion iite & Fedl and i, {d'n'mhfe 1850, A least-squaré
method is theﬁfa;ppﬁlid to’tlfe ‘datd’in'Bdch of these equations
or combitiations: thereof to Jield" the coefficients of the equa-
tions nof.clateral imotiGn:s [The: lateial:stability derivativesi
and fransfer-function codffitientd:ara:-then determined from
these coefficipritsiand the kngwa aircraft mass parameters.
The ethod s applied rta, 4w, specific examples, one i

W, e fre any pons Q_B. dder input are known
an]%lq})an bn% Wf&&l ‘ tra.n&ept }'1} nses to aileron deﬂectnon\
are known the)Iaﬁter ca.se, *bhe fre uency Tesponses were
obtained  from. the transierit. mo‘ﬁoxlas by two methods and
th3 4ability derivatives Cothputed. -
An attempt has been made to séhe«ilul e.the procedure so
to reduce the dependence of the resul?s obtained from this;
method on the denvla.tlves that can bBe least accurn.tely
obtained from t.he partlcular 'data Be > analyzed; howeve.r{
further mprovements ﬁ:lay be made as further experience iy

gamed in, the app}lcatlon of {;he me’bhod
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rolling-moment coefficient, L’/¢Sbh

lateral-force coefficient, Lateral force/gS

coefficient of transfer functions (defined
in table IT)

differential operator, -‘%

natural logarithmic base

forcing-function coefficients representing
rudder effectiveness (defined in table I)

forcing-function coefficients representing
aileron effectiveness (defined in table I)

acceleration due to gravity, ft/sec?

moment of inertia about stability X-axis,
mkx?, slug-ft?

moment of inertia about stablht;y Z-axis,

T omkg, slug-ft?

product of inertia referred to stability
axes (negative when the positive direc-
tion of the X principal axis is inclined
above the flight path, i. e., when 7 is
positive)

stability-derivative coefficients of the
equations of lateral motion (defined in
table I) e )
radius of gyration about stability X-axis,
ft .
radius of gyration about stability Z-axis,
1t
nondimensional radius of gyration abput
longitudinal stability axis, -
+/ (kx,/b)* cos? n+(kz.,/b)’ st 7
nondimensional radius of gyratlon abc)ut
vertical stability axis,
V(kgy/B)* cos® n+ (kx,[/b)? s sm’
nondimensional pro duct—of—mertlapamm—
eter, —[(kz,/b)*—(kxy/)*] cos nsm 7’
radius of gyratmn about prmclpaI Iong1—
tudinal axis, ft .
radius of g'yratlon about prmc1pa.1 vertlcal_
axis, Tt ‘
Iift, Ib ‘
rolling moment, ft-lb
Mach number
aircraft mass, W/g, slugs
yewing moment, ft-1b
incremental rolhng angular veloc1ty about
X-axis, radians/sec

dynamic pressure, % V3, 1b/sq ft

incremental yawing angular - velocity
about Z-axis, radians/sec. Yoa

amphtude ratio®

wing area, sq £t

Laplace transform variable

time, sec et e

incremental component of velocity V
along the Y-axis, ft/sec

t

R OB ST - T -

Bar ilg.)ta,ﬁon:
a
la] -.. .

true airspeed, ft/sec

aircraft weight, 1b

airplane stability axes (see fig. 1)

angle of attack, radians

angle of sidelsip, v/V, radians

aileron control deflection, radians

rudder control deflection, radians

inclination of principal longitudinal axis
of inertia with respect to flight path
(positive when the positive direction
of the X principal axis is inclined above
the flight path)

nondimensional mass parameter used for
lateral equations, m/pSbh

air density, slugs/cu ft

time parameter, m/pSV, sec

phase angle, radians

angle of roll, radians

angle of yaw, radians

angular frequency, radians/sec

bar over letter represents maximum
value

-bars on sides of symbol represent ab-

solute value

Maitrix notation:

[.‘:] : I‘. ’ '

)0

square matrix
column matrix

The lateral-stability derivatives are expressed by sub-

i
C e Oy=
3

1Phase angles

- script notation'as, for example

_3C 4 00, 20,
aB:G be dG ='b rb'
' 2V 2v

are also indicated by subscript notation as

‘Ppa is the phase angle between the input rudder deflec-
tlgn and the output sldeshp angle.

-
v

(as shown in fig.

DEVELOPMENT OF METHOD

EQUATIONS OF LATERAL MOTION

The equa.tlons of lateral motion based on the stability axes

1) and on the usual assumptions of linearity,

small ‘angles, and maneuvers which start from a level-flight
condition are usually written in the following form:

(2) For the sideslipping motion,
v (D+EK)—EKsp+Dy=F3,(t) @)
o, since a,=V(Dg+Dy—Ki),

30+ =P, (1) (1a)

(b) For the rolling motion,
Ko+ (D*+E D) — (BsD*+ Ko D)y="F25,(t) + Gaba () (2)
* -(¢) For the yawing motion,

—Eofp— (BEeDP -+ KoD) ¢+ (D*+ KioD)Yy=Fod, (£) + Gsba(t)  (3)
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Wind direction

Wind direction

y-—"

z
Fraure 1.—Stability axis system showing positive directions.

where the K, F, and @ coeflicients are defined in table I.
The forcing functions of these equations are written for rud-
der inputs and saileron inputs combined; for the sake of sim-
plicity in developing and demonstrating the method, only
rudder inputs Fy5,(), F35,(2), and Fys.() are considered.
The method, however, applies equally well to both aileron
and rudder inputs as is shown subsequently.

VECTOR INTERPRETATION OF FREQUENCY RESPONSE

In many current studies of airplane dynamies, the fre-
quency response of the aircraft is determined from flight data.
Having the data available in the frequency plane offers cer-
tain advantages over having the data in the time plane, since
use cean then be made of the vector interpretation of fre-
quency response. The development which follows will as-
sume that the data to be analyzed are available in frequency-
response form. In the event that only transient-response
data are available, the transformation to the frequency plane
can be made from a selection of one of the several methods
compared in reference 8.

The vector technique is applied to the determination of
lIateral-stability derivatives in the following manner. If an
input 8, to a linear system (a system described by a linear
differential equation) is considered to have a sinusoidal vari-

TABLE I.—DEFINITIONS OF THE COEFFICIENTS OF THE
EQUATIONS OF LATERAL MOTION OF AIRPLANE

Stability-derivative coefficients:

Control-effectiveness coefficients:

K|= c’y‘ﬁ (—2'17'>
=~ 1
Ky=Cp g-=g/V
= — By ___
Ka'—'clﬁ [ 2(kx/b)’1"

1
K{=olp [—4T(kx/b)’]
Ey=Ixg/Ix
1

1
Fi=Crs 3,

“y
Fr=C, 5Epoyis
_ MHp
Fs=Ce; Sthafoyir
—C,. B
=C1,, 3Tty

= S .
G"—C"‘a 2(kz[b)372

Ee=C, G lhalby

= By
Fr=Cop 3altyiss -
Ky=1Ixz/Ix

1
KQ=C,1’ T bR

Ew=Co. [ —gr0i,7]

Imaginary axis
! -
R
op— ;- .
ol B\ \
D3, = fw
II/ > ¢
a- el — Bar
,,,,, s A T - Real oxis
028, » -w?-~" \ . 8r =1
N 2 “‘ _-—.D ﬁ
DB Y ‘.}1 v "\t\'
b38, = iw3,
i
{o)

> l fl A " v
- .

(a) Vector diagram showing relative ‘magnitudes and positions of input
s and output 8, and their derivatives. w=0.7 radian/sec.

Fraure 2.—Vector representation of lateral variables. -

ation of frequency w, it can be considered to be a vector of
unit magnitude lying along the real axis of the complex plane
as shown in figure 2(a). The first derivative of the sinus-
oidal input D3, is then obtained by multiplying the amplitude
by » and rotating the resulting vector 90° counterclockwise
in the complex plane which is equivalent to advancing the
phase angle by 90°. Each succeeding higher derivative is
found by multiplying by « and rotating the vector 90° in
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the complex plane; thus,

8,=1 4)
Ds,=1w (5)
D%, =—0u? (6)

The steady-state output or response of the linear system
to a sinusoidal input may be considered to be a vector of mag-
nitude equal to an amplitude ratio B and having a direction
angularly displaced from the real axis by a phase angle ®.
Thus, in the complex plane, the vector for sideslip may be
represented as

_ .B. “,hr— E . . .
p= _s__r e = 5 (cos ‘I’gar‘l“b sin @a,r)=Ap+ng )
By definition,
_ - ~
Ag= :SE c0s Pg; As= % cos Pg,
_f N - (®
¥ 2 cos @,
Ap= 3, cos (I'h, Aa,'_‘—' 3, "vau
— - 3
Bge= g— sin 'I>,433r By= % sin 'I’éa,
r T
" _ - ©)
B,= ¥ sin &, B, = & sin &,
6’_ 61- 87 '6)'J

The derivatives of 8 are represented as

- i§ﬁar+§-
Eg{e( )

Df=w

— % (—sin @, +i cos @5, )
=—wBs+iwds 10
and
Dig=u’ 5 ei(%'—’-t)
o
—w’§ (—cos % — i sin &, )

=—w?4s—w*Bp (11)

Similarly, for roll (see fig. 2(b)), the equations corresponding
to equations (7), (10), and (11) would be

¢=As+1iB, (12)
D¢=—wB;}+iwA, (13)
DPop=—w"As—i*By (14)

for yaw,
y=Ay+1By (15)
Dy=—owBs+iwiy (16)
DYYy=—wtdy—10’By 17
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(b) Vector diagram showing relative magnitudes and pesitions of input
3, and response vectors B, ¢, and y.

Fraure 2.—Concluded.
and, for lateral acceleration,
a,=Aq_,—I—iB,,y

Substituting equations (4) to (18) into equations (1), (1s),
(2), and (3) and equating the real and imaginary values in
each equation yields the following eight simplified equations:
From equation (1):

(18)

K, Bs—K;By=—w(A4s+4y) (19)
and
KlAﬁ—KzAda:Fl"i‘w(Bﬁ‘l‘B&) (20)
From equation (1a):
VK Bs=—2B,, (21)
VE Asg=VF—A4,, (22)
From equation (2):
KsBﬁ+K4wA¢+K5w2B‘L—ngA‘«= w’B¢ (23)
and
KsAs— KB+ Kyo?dy+ KowBy— =04, (24)
From equation (3):
— KB+ Ky By— KywA s+ Kijwdy=w'By (25)
and
— K, As+ Ky Ay +KywBs—KiwBy—Fi=w'4y  (20)

In equations (19) to (26) the Agsy,q, 80d Bpg¢.e, terms
will be available at the particulsr values of w from the fre-
quency-response curves. It will be assumed that the K,
term is determined from the velocity measurement and the
K, and K; terms, which are equal to the ratios Ixs/Ix and
Ixg/Iz, Tespectively, are known from either weight and
balance calculations or measurements so that only the values
of Ki 3467910 80d Fi 25 are to be determined from the data.
(It should be noted that even though K; and K are assumed
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to be known a need still exists for a simple method of deter- | derived in many textbooks (e. g., ref. 9) and no attempt is

mining aircraft moments of inertia and the location of the | made here to repeat its derivation.

principal longitudinal axis.) The application of the least-squares method to equations
Equations (19) to (26) are now used to compute the K | (19) and (26) converts these equations to their computational

and F coefficients. The advantage of separating each of | form. It is recommended that, if the lateral-acceleration

the equations of lateral motion into real and imaginary | frequency response is available, equations (21) and (22) be

equations now becomes apparent. The two derivatives | used in preference to equations (19) and (20) for the com-

most difficult to determine are C;, and Ch, contained in the | putation of K, and F,.

K, and K, coefficients, respectively. The K coefficient may Equation (19) may be expressed simply as

be eliminated between equations (23) and (24); similarly ’

the K coefficient may be eliminated between equations (25) N —

and (26). The equsations thus obtained, when used to Kl_ﬁ-zm KBy —w(det-A)l, Ba @7

compute the unknown coefficients, result in better condi- ﬁ [(Bo),J?

tioned matrices and more accurate results. In the usual =

case, it has been found unnecessary to perform the elimina-

tion of the K, coefficiont. and yields K;. Similarly, equation (20) can be expressed as
As a first step in solving for the K and F coefficients,

equations (19) to (26) are fitted to the frequency-response 1=% 53 (K1 A5—K 24 3—wBs—wBy); (28)

J=e

data over a range of values of w by the method of least
squares. The theory of least squares is well known and is

end yields ..

For the same variables X, and F,, the least-squares forms of equations (21) and (22) for use with the lateral-acceleration
frequency response are:

g; (—B.,),(VBs),

K, — . (29)
2 VB
. .
R 5 (KlAa+ V’) | (30)
Equation (25) can be expressed as RN ) ’
[ wn e @ . " wn \
2 =By 25 (—wda),(—Bs), j;: (@A) (—Bg); | (K 2 (@"By—EwBe)y(—Bp);
35 (—Ba)y(—wdy), S (—wdg) > (0Ap(—edy); |{ Ky b=+ 3 (By—Kuw'By)y(—edy), ¢ (31)
Jmen J=an -c I
;”2 (—Bo)(wdy); Ji (—wd ), (wdy)s jﬁ [(wAy)]? K (?By—EKs0*By),(wdy),
— -y =] -y - \.J=w1
and yields K;, K;, and K.
Equation (26) can be expressed as
F3=% ,:Zu, (— K Ag-+ K 56 A g+ Koo By—KyowBy—o*Ay), (32)

and yields Fs.

In order to evaluate the remaining constants, K;, K, K;, and F, the coefficeint K, is first eliminated between equations
(23) and (24). This step is taken in order to obtain a more accurate value of the coefficient Ky, which is less significant under
these conditions, and to provide a better conditioned matrix of coefficients in the computation of K;, K;, and F;. Upon elimi-
nation of the K term between equations (23) and (24), the following relation is obtained:

Ky(BsBy+AsA )+ Kw(ABy—BsAy)— Fad y=0*(ByByt+-A Ay — Ky f

r

2

(33)
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Upon the application of the method of least squares, equation (38) becomes

f;: [(BsBy+AsAy),

22 (BeByt-Asd)s(w A By—aBsdy),

=) )

23 (=AY (BsBy+ApAy)s

L. Jea

A

\

which yields K, K, and F.

The K; coefficient may now be obtained from equation
(24) which, after the method of least squares has been
applied, may be expressed as:

W

K lnzm(Fg+C:)S.A.¢—K5CO2A¢+K4wB¢—K3Ap)j(wB¢)j
6= ”
pa](®:Phy

An alternate expression for K, may be obtained from
equation (23) which may be expressed as

(35)

_:Em (KBot+ K A s+ Ky By— B, (wdy);
!:z: [(wAg)?

K, 36)

Values of K;, which define the derivative C} , are important
in"the spiral mode. In order to obtain accurate values of
K, aircraft motions which bring out the full effect of the
long-period spiral mode should be analyzed to obtain
accurate frequency-response data near w=0.

In the case where the solution for C, is found to involve
ill conditioned matrices, K, should be eliminated between
the real and imaginary equations (25) and (26).

With all the K and F' coefficients of the equations of motion
determined, the lateral-stability derivatives can be computed
from the K and F coefficients and the known aerodynamic
parameters by use of the definitions of table I. The transfer-
function coefficients can be calculated from the definitions
in table IT and the transfer functions and modes of lateral
motion can be obtained from the equations in appendix A.

SUGGESTED PROCEDURE

In order to aid in the application of this method to the
analysis of flight data, & suggested step-by-step procedure
which is presented in this section has been worked out. An
effort has been made to schedule the procedure so as to
reduce the dependence of the results on the derivatives that
can be least accurately obtained from the particular data
being analyzed. Alternate steps are suggested where it was
found that some particular derivative might be more
accurately determined by one or the other of two approaches

[N

35 (@AsBy—uBsA);(BsBy+Asdy),
DA By—aB A

j;: (—4y)(wAsBy—wBsdy),
( é (sz£,+ A A K

li (w’B¢,B,+w’A¢A¢—KEw’

jﬁ) BByt oA y— Ky

é(—A»,(BpBﬁAﬂA», K,

,;_"E;l(—A»,(wAw,p—qubA», K, b=

é [(—A)] F,

4
5

’)j(BaB++ApA+)1

(34)

v
5

’)j(wAmﬁ—wB¢A¢>,

’>’<—A», )

under certain conditions. No weighting of specific groups
of data is employed in the least-squares procedure; however,
weighting can be employed when it is considered desirable
to put more dependence on data regarded as more reliable.

As a further demonstration of the method, two numerical
examples have been carried out according to this procedure.
In one example, presented in appendix B, the lateral-stability
derivatives are calculated for an airplane whose transient
responses to aileron deflection are assumed to be known.
This example was chosen in order to gain some insight into
the dependence of the method on the accuracy with which the
frequency response can be obtained from the transient
response. .

The other example is for the hypothetical rigid airplane
whose mass and geometric parameters are listed in table ITI.
The assumed frequency-response data of sideslip angle 8,
roll angle ¢, yaw angle ¥, and lateral acceleration a, for a
rudder-deflection input such as might be obtained from
analysis of flight date are listed in table IV and plotted
in figures 3 to 6. The analysis of these data lras been used
to illustrate the following suggested procedure:

(1) Tabulate parameters and working equations

Tabulate the airplane parameters and any stability
derivatives that are known or can be computed direotly
from those that are known as illustrated in table IIIL.
Tabulate the least-squares equations (27) to (32) and (34)
to (36) with any known terms on the right-hand side as has
been done in equations (27a) to (82a2) and (34a) to (36a) in
table V for the example. (Since C, was taken to be zero
in the example, all terms contaimng K, were dropped;
however, in the example of appendix B, C,, was included
and the K, term was determined.)

(2) Tabulate frequency-response data

Tabulate the amplitudes and phase angles of the four
lateral variables at the values of w to be used in the analysis.
For simplicity in the example, as shown in table IV, 10
integral values of w, evenly distributed over the range of
the data, were chosen; however, in cases where more accurate
points occur at non-integral values of w, it is advisable to
use such points where possible. The range of velues of w
should be restricted to the rigid response.

Y

¢
5
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TABLE II—COEFFICIENTS OF TRANSFER FUNCTIONS TABLE IV.—FREQUENCY-RESPONSE DATA FOR EXAMPLE
[The equations for the transfer functions are given in appendix A; GIVEN IN BODY OF REPORT
(a) Sideslip, 8
the coefficients C are obtained from the coefficients C,’ by dividing * P
Ccy . v = o - -
by Cy (e.g. ¢ =——>:| dlang |E| Pa _|El -IE!
0 y V1 Co.' mm H deg Ap s eos@p‘r By Er sin‘l’p,'
el —— 3 g | i o g g i
' =K1+ K4+ Kiy— KsKo— 8— Ky K Kq 3 : - . . 026053
Oy =K1+ KiKat Ky Ko+ Ko Ko K3 Kg— K oKo— KiKsKo— 3 g 33 - Poi0a7 17
KKK 5 L116 —-83 1.104388 —. 159108
03'='K:Ka+ K4K1—K3K9+ K 1KuEw— K\ KoKy— K3 K5 Ky 9, %égg —_1(%.; _t;’gﬁ; :nga?g
C/'=K;K3K»— KaKeK; 8 1.368 —158.1 —1. 268821 —. 510100
Cy' =Fy(1— K;Ky) 10 R 4 g ok
Co' =F\ K4+ F1Ky— KeF3— F3—F 1 K;Ko— F1 KK
G =P\ Ky Kyy— F1 Ko+ F3Ka Ks— F1Ki+ FaKa— FLK K, (®) Rall, ¢
Cy =F:;K:Ko+ F2Ky K, o - ® - -
Oy =Fi+4 F3K; radians lg:l 5 Ag= ;f' cos &, BFIg tin &,
C'=F:K 1+ F1 Ky K;—F K3+ F3Ko+ Fa K K+ FaKyo seg & deg 5 |
g“:iﬁgilgﬂ;l- F1K3K7+F3K3+F1K1_F1K3K10+ FaKlKG % 2’_& gg‘g ]Lg;igg 2593@,3
2 ! 3 3432 57.4 1. 850158 2891147
Cn' =F3K+ F3 K, — F1 K3 Ks+ F1 K+ Fa Ko+ F3 K Ky 4 3111 47.6 006761 2 297675
Cu’ =F3 K Ky— F1 K3 Ko+ FL KK+ FaK Ko 5 3.459 37.1 2. 760823 2084203
Ci' =F3:K3;K3+ F3 KK, i 5.446 189 5. 153317 762687
Ci =C'VF 7 9,719 —74.6 2. 578202 —9.370572
Clol COIVFl VK C ’ g %g :ﬁg ——L mﬁﬁﬁilﬂ _—2. 885883181509
C::' - VlFl C,: _ VKi oﬁ' 10 . 780 ~143.9 —. 830341 —. 459096
C]Q,=VF103,—VK101’ (©) Yaw. ¢
Czo,:'VFla‘,—VKng’
radisng ¢ P 4 EIZ cos® B,:.E sn
TABLE III.—AIRPLANE PARAMETERS USED IN EXAMPLE o 7 deg A ¥, H ¥
GIVEN IN BODY OF REPORT
1 0.223 163.4 —0.213722 0. 063714
2 404 174.4 —~. 401634
® Koo Y| om | m| Chme s
M=0.8 (evaluated for an altitude of 10,000 ft) 8 1.0% 1089 L 076280 210567
s | owmr| i B
o220 1t 5 Lglsg i%;; ot 131797
§=130.0 sq ft 10 L4602 7.1 .458408 057029
p==0.001756 slug/cu ft . (@) Lateral acceleration. a,
V=861.74 ft/sec _ ~ ~
Ix=2062 Slllg-ft/’ dﬂm %: ] ‘:,", , A.,- i{’ cos &, , . B.'n gir—! 5{11‘51” »
g1 r r
I7=13,298 slug-ft? 60 ftfsect deg Tt fsec? ftfsect
. pY radian radian
m=_n_r= 2056.03 slugs
v B REE s
Txz==157 slug-ft? i ﬁ% };%o —ﬁggg 2?wzms;s;
Cp,=0 5 322 10 169.6 —316. 7985 58.143785
6 691, 42 156.5 —634.3160 275. 150748
7 1628.87 67.3 627. 0856 1502. 418071
(b) Computed 8 B587.34 18.6 550. 6325 187.337711
9 350. 66 10.4 344. 9205 63.
10 264, 54 7.2 252. 5535 3L 756588
m
= =1.5 sec
6 40 &
#b=%=57.2 5 3
P 5 5 = 0 s
- _Ez ® Phase angle, QB/ /\ «Q
Cu=,g=0.1121 % 3 ™ 407
f -n Al
Ky="2=0.07614 £ 3 805
s, \ g
Ey="22—0.011508 S B 7120 £
= a Amplitude, 3 N a
I —— \«\\ -160 '3
K,=%=0.0374 per sec = _— 3
4 _ »
20 2 3 4 5 6 7 & 95 16°°0°
K9=C’..p [Z'ﬁ]':‘) Frequency of rudder-deflection input, w, radians/sec
7(kz/b) Figure 3.—Frequency response in sideslip due to rudder-deflection in-
put for rigid, high-speed airplane of example given in body of report.
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. TABLE h- ODIFIED FORM OF EQUATIO\IS USED IN EXAMPLE GIVEN IN BODY OF REPORT
i 0o G i
i Tras i3 :
; ‘ 3 2 [(Ba);]_?‘; {Kx}—f E (—wAp—wA¢+KoB¢)j(Bg),} (27a)
| S nﬁ"—z (B, 4y—Kyd s wBg—wBy), (288)
| Wz o
7 [ 7Bt | ={ £ (), 7B} (290)
T 1 T .
R R b 5 n <K1Ap+ ) (30a)
| S 2 (wA»,(—Ba, 3% @By~ KB Bo),
, ‘ ;'..r’-"‘ el ’: (31a)
i ¥ Z’f—Ba):dew): "’E [(auﬂ‘?):]2 Ko jE (*By—Kyo’ Bg) (wAy)s
: ol e =w1
~ ) 3. '
e n',l —F 3—2(—K—A5+sz’A¢—KlowB¢—wA,p), (320)
l ’EE{(BBBf'l"—AﬂAW):IP E (L!Aqu&—mwB::-Adf(BﬁBrl‘A&Aw)f ;42 (—Ay)s(BsBy+Asdy); K,
‘ et b ey T
;2 (ﬁan+AnA.;) ch*Ba—wBééi), e j>: f(wAAB+—wB¢A¢)J] > (—Ay),(AsBy—wB,Ay), [{ B p=
2oL n ATH - v ol wa oy JE@ =1
: -"'lﬂ— < xI l\{i }
S 4 Wn
E (BﬂBri‘AﬂAﬁ)}(—A&)J 1 o’ ’E (wAJB'f—wa‘lw):(—Aw)j E [(—Aps? F,
' N o K f g -
‘? f 3_ 3 ‘Z) ( ?._B:$B -—I—széA‘,,—Kaw :: )(B5B¢+A5A¢)j
, O R Ve S A H
e ¢ 2 L
U e -3 ;2’ ( ’B¢B++w2Ae»é&—sz s )(wA¢B¢—wB¢Aw)1 (34a)
1;‘ -] ’ 9» r j
1: © A P 1‘4 £} Z 1
N i a? ‘5"-’}25(:‘5{3&3#4- ¥ ¢A¢—sz2§— ) (—Ay);
a o B .’ = R = /1 J
; o / ’ L _3
S A E (F2+w2A¢_ s’ Ay + K, wBs—K;Ag) (wBy); s
S A Ku—""‘, — (350)
27 o N thotitmA G E [By),*
= } 7 \\-’1 _ ‘\—11, ~ .4
L = B 2
R S _j_:—(§ | #+K4wA¢+sz’B+“ "By)s(wAy);
. '\ﬁ’\emmtk::w R csl’:cl—v::t\n 10 ;cas.cd 4 (36a)
Fixi croiraoft thetahbirt of aub gifzcLis b« auogeot Yooops1T—38 agm Z (A
Jraget 10 whod o s algnaze Yo cnaly i s base-rinid Lbigh 101 jx
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Figure 6.—Frequenocy rexgonse in lateral accelerstion due to rudder-
deflection input for rigid, high-speed airplane of example given in
body of report.

(3) Compute vector components of data

Compute the vector components from the data listed in
step (2) and tabulate them as shown in table IV. It is
advisable to use at least 5-place tables of sine and cosine
values in this computation. Additional columns of wAp,
wB, wA,, . and «?45 o*Bs o*ds, . . . wil be
useful in subsequent operations but are not listed for the
example.

(4) Compute K,

Compute K, from equation (27a). (See table VI (a).)
In this step and in subsequent steps, summation of the
corresponding elements of the indicated products of the data
columns evaluates the matrices of coefficients and knowns.
The resulting simultaneous equations are readily solved by
any standard method.

(42) Alternate step 4
Compute K, from equation (29a).
(5) Compute F;

Compute F; from equation (28a) with the values of K;

fromstep (4). (See table VI (b).)
(52) Alternate step 5

Compute F; from equation (30a) with the values of K;

from step (4a). (See table VI (d).)
(6) Compute K;and K,

Compute K; and K, from equation (31a).
VI (e).)

(7) Compute I

Compute F; from equation (32a) with the values of K;
and Ky, from step (6). (See table VI (f).)

(8) Compute K;, Ky, and F;

Compute K, Ky, and F; from equation (34a). Because
of the combination of two equations to obtain equation (34)
in the method, the combination of data columns is more
complicated in this step than in others. (See table VI (g).)

(9) Compute K, :

Compute K, by one of the following methods:

(a) If F; has not been eliminated, calculate K; from
equation (35a) with the values of K;, K, and F; from step
(8). (Sectable VI (h).)

(b) If F, has been eliminated, calculate K, from equa-
tion (36a). (See table VI (i).)

(10) Compute stability derivatives :

Compute the lateral-stability derivatives from the
relationships in table I and the now complete set of values
of Kand . (The computed and known values of the K and
I" coefficients and the stability derivatives for the example
are given in tables VII and VIIT, respectively.)

413672—57——30

(See table VI (c).)

(See table

( 1T é%a%’d}% i : - 1 o 7%.%‘;0"&, % 6’109 J—IV JJAAT
fﬁlg(()lmpu g the %rb.hsf‘e'r- ?E’Ec oﬁ}'%égclen{‘s’“ﬁ%xgoghe
relationships given i table; Il sndsthe values of K and |F.
CThe-eemp&ted—and—lmew&—v&%fes—of—the—ﬁansfer—funcﬁ h12
coefficients for the example are given in tahldIX.)
(12) Comput% fHezfrﬁé%é‘ A —}E&JK =
The modes of lateral motion may now be computed,|if
desired, by use of the e&ﬁ%;ti;oﬁé“’ ’qﬁpendjx A. (The valdes
of the lateral modes for ;lizzg\ei_z%plg.‘a[re given in table X).
(13) Accuracy check T
When the true derivatived &r¢'unknown, the check on the
computations s obtamed in the )f)oﬂqwn}g manner: Calculgte
bhe_fnequency_xespoﬁse.inom_the_'eqmitions.infappendix A
and the computed coefficients of step (1 1;2). %Compnre these
1=

values with thé"dsta ‘of step (2).'~> "
pistUssION

DATA REGQUIREMENTS
Thq mefthod offfl;‘HiE Teport.is based on il ¢ asgumption that

equ&hona;(i)%’ﬁipaﬁd Jf.‘%l\"}}:prpq}lﬁ}f the aters] motions of
the airplane. These linear differential equations are satisfied
by small variations' fi-dll;! yaw> and wsideslip but will not
necessarily hold for large changes in these variables or fin
regions of flight w&ibréi‘ﬁénﬁlféblrﬁiés'bc@r. It is therefore
desirable to obtain data for transformation to the frequenty
plane from small m6ti6ns recorded within ranges of Math
number and other variablestin.¥vhich the coefficients are
constant; also;the rangeof-frequency-response dstato be
used mulit be Iifhited t0' valuésfor which the aiteraft hets as a
rigid body and higher frequency instrument inaccuracies are
avoided. Thus, the’aslumptions of ‘th¢ method will be mdst
nearly in accord with the true rphysica,l'ntl),i;ﬁre of the proble
Tn any case, experience’ has sholwn that the derivatives
obtained by this method of 4nalysis will accurately reproduce
the-frequency response from-which-they were extracted: - -,
Since the present'method requires flight data in frequency-

response form, either the forced-oscillation technique or the
technique of oscillating the -rudder .or aileron at various
frequencies and measuring the steady-state response in g,
D¢, Dy, and a, must be employed or ;tb'e transformationof
& transient response from the time plane to the frequenpy
plane must be madeby. q.ntg,pppopria.t% method. A compre-
hensive survey of methods for effectifig this trensformation
fiom time to frequency plane is given in roférence 8 which
evaluates the FouTier integral method as well-as the use lof
devices such as the Fourier synthesizer, Coradi harmonic
analyzer, and' TBM mtchines for obtaihing-frequency re-
sponse from transient-response data, -,

If, as is usually the cage, the transient responses in rfoll
and yaw are meastred In ‘the form' of ‘time histories of D¢
and Dy 1ather than of-¢-and ¥, it is recornmended that thdse
time histories of D¢ and :Dy- be;converted to frequency
response initially and then the frequency responses of ¢ and
¥ be_computed from the frequency responses of D¢ and Dy
by.use of the relationg:z-: ncitar,, ™ .0

tr

Dq
%-.r
an —

v

D¢|_ |
P R L o 1 o =01
(Iﬂs,lh LJ ) 8.0 = '
d eI

|
1
I

Dngs, = s, £-90°
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TABLE VI.—LEAST-SQUARES SOLUTION OF EQUATIONS

FOR DATA OF EXAMPLE GIVEN IN BODY OF REPORT

(2) K,, equation (272)

10
S (—wdg—wAy+ K;Bs) Bs=1.378

w=l
10
> (Ba)*=17.562

w=l
17.562K,=7.378
K;=0.420

(b) F;, equation (28a)

10
S (KyAs— K2Ay—wBs—wBy) =1.061
wm]
10F,=1.081
F;=0.1061

(¢) K, from lateral-acceleration data, equation (29a)

10
S (— VBa)1=13,042,324

com]
10
21 (B.,) (— VBy) =5,567,902

13,042,000K,=5,568,000
K|= 0.427

(d) F, from lateral-acceleration data, equation (30a)

“zj’i e A,+“;->=1.035059
10F,=1.035
Fy=0.1035

(e) K; and K, equation (31a)

10
S (— Bp)t=17.562397

wm]

10
S (— Bwdy=44.47131
w=]

10
> (wAy)3=473.928987

w=]

10
> (@*Bs— K¢ By) (— Bs) =856.325838
w=]

10
>3 (@By— K¢2By) (@A) =2356.791416

w=l

K3=0.011806 Ky=0
17.56 K+ 44.47K,,=856.3

44.47K;+473.93K,y=2356.8
Ky=47.443

Kyp=0.5217

(f) F3, equation (32a)

10
10Fs= > (— K7 Ap+ Ko Ag— Ky — ?Ag) = — 251.87
wm]
Fy=—25.187

TABLE VI—LEAST-SQUARES SOLUTION OF EQUATIONS
FOR DATA OF EXAMPLE GIVEN IN BODY OF REPORT—

Continued

(g) K, K, and F; equation (34a)

10
S (BsBy+ ApAy)*=371.762380
wm=]
10
S (BsBy+ AsAy) (wAsBy— wBs Ay) = — 3617677695
=]

10
2} (BpBy+ ApAy) (— Ay) =23.184790

10
37 (wA4B; — wByAy)?=35234.438878

wm]

10
S (wAsBy—wByAg) (— Ay) = —200.219323
w=]1
10
S (—4,)1=11.122853

w=]

10
Z(@B¢B¢+MA¢A¢—KW’

wm=]

Iz
'16-” )(B;B¢+AﬁA,)=33137.734509

10 it
> w’B¢B¢+w’A¢A,—K,,w=|%I )(mA¢B,—wB¢A,)=—322344.219155

wml

10 it
Z(MB¢B¢+MA¢A¢—KM'§’ )(—A,) =2422.633022

w=l
371.76238K;—3617.67769K,+23.18479F,=33187.73451
—3617.87769K,1+35234.43888K,—209.21932F;= — 322344.219016
23.18479K;—209.21932K,+11.12285F,=2422.633022
K;3;=138.272 K;=5.212 F,=27.636

(h) K,, equation (358a)

10
S (wBy)*=811.55627

w=1
% (wBy) (F3+ ot Ay — Ky Ay + Kyw By — K3 Ag) =235.117502
- 811.6K,=235.1
K¢=0.290
(i) Alternate means of obtaining K, equation (36s)

10
S (wAy)?=473.928983

w=1
10
> (KaBs+ KiwAy+ K By — 2 By) (wAy) =137.774056
w=l

473.9K,=137.77
Ko=0.291

TABLE VII.—COMPARISON OF COMPUTED AND KNOWN
VALUES OF COEFFICIENTS OF EQUATIONS OF LATERAL

MOTION FOR EXAMPLE GIVEN IN BODY OF REPORT

Computed from Known
Coefliclent data value
o { oa { o4z
K 138. 272145 138. 245
K 5. 212563 5.21
K 0. 200 0,3017
Ky 47. 438625 47.41
Ko 0. 521457 0.5272
roo e o
Fa 27. 636187 27.85
7 —25.187091 —-25.22

aFrom sideslip data.
bFrom lateral-acceleration data.
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TABLE VIIIL.—COMPARISON OF COMPUTED AND ENOWN
STABILITY DERIVATIVES FOR EXAMPLE GIVEN IN
BODY OF REPORT

dsetr?Enni‘itge Computed Known

Cyp -—1.259 -1.28

Cl, —0. 1490 —0.149

Cip —0. 4280 —0.428

Cir 0. 02389 0.0248

Cap 0.3202 0.829

Ca, —0.2732 —0.270

cr, 0.3183 0.312
r

G, 0.0207 0.0208
r

Cag —0.1748 —0.175
L4

TABLE IX.—COMPARISON OF COMPUTED AND KNOWN
COEFFICIENTS OF TRANSFER FUNCTIONS FOR EXAMPLE
GIVEN IN BODY OF REPORT

Computed from
Coefficlent | data (least-squares Known
value)
CY 0. 999101 0. 999101
(%Y 4. 150763 6. 160254
[e/% 50, 934260 50, 972856
(2% 253, 483381 253. 2143
e/4 2, 193801 2. 190861
cy 0, 105035 0. 103907
[o/% 25. 488778 . 43088
cY 132, 5644801 132. 64415
Cy 0. 267223 Q, 260611
(¢4 25. 718442 25, 720749
C' 3, 638361 8527
Cn' —2174. 851610 —2178, 769199
C —24, 860818 -
Cy' —1306. 884812 -137.
Q¢ —28. 978823 —30, 417543
Cw —8L —81. 36940
[o19 §9. 111765 62006
414 509. 187633 514. 350717
(%14 —4822, 026985 --4815, 410163
Cy —26127, 620554 —20138. 324577
Cy 97. 287337 100.

TABLE X.—COMPUTED LATERAL MODES FOR EXAMPLE
GIVEN IN BODY OF REPORT

[Characteristio equation is equation (A16) of appendix A]

Damping-in-roll mode, No-e o omom oo
Spiral mode, Ao oo - e
Dutch roll mode, — f¢n . ___

—5. 393
—0. 008668
—0. 381 17(6. 84)

Tlight data are usually measured about the body axes;
before they can be used, however, either they must be con-
verted to a foim corresponding to the stability axes or the
development must be restated in terms of body axes. The
following equations are presented to be used in transforming
to tho stability axes:

¢=4¢, cos a+¥; 8N @
Y=y co8 a—¢ 8iN «

where « is the angle of attack (angle between the body X-axis
and the stability X-axis) and the subscript b refers to the
body axes. In addition, the sideslip-vane measurements
can be converted to the corresponding values at the center
of gravity by means of the formula

ﬁ=(ﬂ.—-lﬁ—r}b cos «

where the subscript » refers to the vane and /s is the distance
from the center of gravity to the sideslip vane measured
along the body X-axis.

If the lateral acceleration a, as recorded by an accelerom-
eter is used, it must be corrected for any components of
angular velocity and acceleration present in such records
because of the displacement of the accelerometer from the
airplane center of gravity.

SENSITIVITY OF THE METHOD AND POSSIBLE SIMPLIFICATIONS

Even though the foregoing general rules are observed, the
question arises as to how the derivatives obtained compare
with the actual derivatives of the airplane and how sensitive
these derivatives are to inaccuracies in the frequency-
response data. These inaccuracies stem from several sources
such as measurement of the transient motions, transformation
from time to frequency plane, and reading errors. Care
should be exercised to keep these inaccuracies to & minimum.

No attempt is made to present a comprehensive error
analysis in this report, but several general remarks appear
to be in order. A comparison of the values given in tables
VII, VIII, and IX for the coefficients of the equations of
lateral motion, the lateral-stability derivatives, and the
transfer-function coefficients indicates essentially no errors
due to the method itself. It has been found, however, that
the derived values of Cy, and Cy, are sensitive to slight
variations in the quantities Ag, Bs, 4y, and By (see eqs. (27)
and (28)). This sensitivity is due to the fact that the air-
plane angle of yaw is very nearly equal to the negative of
the sideslip angle and hence accurate determination of the
lateral acceleration from measurements of ¥ and 8 is diffi-
cult. This difficulty can be obviated by a direct measure-
ment of the lateral acceleration with an accelerometer and
more accurate values determined for Cr, and Cy, by means
of equations (29) and (30).

As brought out in appendix B, the accuracy with which
the values of the derivatives C;,, C»,, and Cy, can be deter-
mined from frequency-response date appears to be depend-
ent upon the inclusion of data for frequencies near the natural
frequency of the airplane. This fact is brought out further
by some unpublished results that indicate that derivatives
such as C, and Cy, are very sensitive to variations of the
frequency responses near the airplane natural frequency.
ITn the case of C.,, the conclusion is obvious since this deriva-
tive is known to contribute largely to the airplane Dutch
roll damping and it is also known that the peak value of the
&, is highly de-
pendent upon the airplane Dutch roll damping. It appears
therefore that an accurate representation of the frequency
responses at frequencies near the airplane natural frequency
(for instance 50 percent) is probably very important in
the determination of the lateral-stability derivatives.

In general, when the number of unknown derivatives can
be reduced, the remaining derivatives can be determined
with greater reliability. For this reason, several possible
simplifications are presented for the calculation of the
derivatives Cug, Cus, Ci,, and Ci, . The airplane natural

frequency-response amplitude ratio, say
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frequency is, for small values of the product of inertia, well
approximated by the expression’

2, gSb
()N 250,,3 —I'z—
If the natural frequency wy is apparent from the available

transients and the inertia parameter is known, a very good
value of C,, can generally be obtained from this expression.

Extrapolation of the amplitude ratio f

T

to zero frequency

may afford a means of obtaining the derivative Oﬂa, subse-
quent to determination of C,,; from the preceding frequency

X
polation is not indicative of the actual static sensitivity,
but rather of the apparent static sensitivity which includes
the very lightly damped spiral mode. This apparent steady~

relation. The value of at w=0 obtained by this extra-

=3

state response is approximately equal to the ratio — a

from which C,; can be estimated if Cy; is known. ?

The actual static values of some of the lateral variables
may be found theoretically by taking the ratio of the integrals
of the time histories of the output and input; for example,

fpa

—Jo

@=0 f o, dt
0

Probably in certain cases these integrals could be evaluated
accurately enough to yield a good approximation to the actual
static sensitivities. Some of the stability derivatives
influence greatly the values of the transfer functions for
w=0, and use of accurate zero frequency data would
undoubtedly lead to better estimates of these stability
derivatives.

The transfer function which relates the rolling velocity to
aileron deflection is well approximated (particularly at low
frequencies) by the expression

r

8
5

w
02 —~{ tan—! =

b G ,
DA S s - ST

Therefore, ®3, (w)=—tan"! == from which K, and subse-
a 4
quently C,, can be determined. Also, by extrapolating the
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0o
can be obtained once K, has been determined. As was the

to w=0, the parameter @, and hence C, N

amplitude ratio

case for g, this extrapolation does not yield the true value
of ? at w=0, which. is actually zero, but gives the apparent

value due to the lightly damped spiral mode.

CONCLUDING REMARKS

A method has been presented for extracting lateral-stability
derivatives from frequency-response data which haveo
been derived from aircraft transieut responses to arbitrary
control inputs. In order to demonstrate the use of the
method, the lateral-stability derivatives have been calcu-
lated for two hypothetical airplanes for which the frequency-
response data or transient-response flight data were assumed
to be known. Simplifications were proposed for obtaining
certain of the derivatives, and although no error analysis is
presented in this report, some general observations can bo
made concerning the sensitivity of the method to inaccuracies
in the original data.

In view of the limited experience in the determination of
lateral-stability derivatives from flight data, and particularly
in using the present method, it appears that an investigation
should be made to determine the effects of some of the errors
inherent in analyses of transient responses, such as recording
accuracy, reading accuracy, and so forth, on the derived
frequency responses and hence on the computed Iatoral-
stability derivatives. It is noted here that, although the
methods presented in this report for the extraction of lateral-
stability derivatives from frequency-response data are
theoretically correct and mathematically sound, the accuracy
with which the lateral-stability derivatives of an airplane
can be determined by this method is directly dependent upon
the accuracy with which the frequency responses of tho air-
plane are known. Also, some consideration should be given
to the types of inputs likely to afford good frequency-reo-
sponse data and to testing procedures whereby some of the
stability derivatives that are most difficult to determine may
be accurately obtained. In addition, accurate frequency-
response data for specific ranges of frequency may yield
more accurately certain of the stability derivatives and this
possibility should be investigated.

LANGLEY AERONAUTICAL LIABORATORY,
NaTionan Apvisory COMMITTEE FOR ABRONAUTICS,
Lanarey Fieup, Va., February 16, 1964.



APPENDIX A
DEVELOPMENT OF EQUATIONS FOR TRANSFER FUNCTIONS, MODES, AND FREQUENCY RESPONSE FOR LATERAL MOTION

In this appendix the transfer functions are derived from the
equations of lateral motion and the modes and frequency
response are expressed in terms of the transfer-function

coefficients.
EQUATIONS OF MOTION

The, motions of & rigid aircraft resulting from a rudder-
deflection input are assumed to be expressed by the following
three standard linearized equations of lateral motion:

(D+K)B—Kp+Dy=F15,(1) (A1)
K:p+(D*+KD)yp— (K D'+ K D)WW=Fy5,())  (A2)
—Kif— (KD’ + Ky D) ¢+ (D*+ K DW=F8.(t)  (A3)

where the K and F coeficients are defined in table I. The
axes and the sign conventions employed are shown in figure 1.
On applying the Laplace transformation
Fs)= f " f@)edt (Ad)

0
(where s=¢+1w) to both sides of equations (A1), (A2), and

(A3) and assuming the initial conditions to be zero, there is
obtained

s+K, —K, 8 B(@s) Fi5.() (A5)
K, &+Kpg —Kg'—Kg |3 606 =< F.5,() - (A6)
—K; —Kg*—Kg 4K 146)] Fis.(8) ) (A7)

TRANSFER FUNCTIONS

By solving the three simultaneous equations (A5), (A6),
and (A7) for B(s) there is obtained

(G s+ Oyt 4 Ci' 8+ Cy/ 824 C/ ) B(8)

=(Ci's*+ Gy’ + Oy $*+ Cy'8)6,(s) (A8)

where the O, coefficients are defined in table IT, Dividing

equation (A8) through by Gy and using the vunprimed

coefficients C, to designate the ratio of the primed coefficient
14 7

to Gy (e. 2, 01=% and a,=%) results in the following
/0

transfer function for 8 due to a rudder-deflection input &,:

B__ C+Ci+-CintCy (49)
&, 84+0133+0232+033+04

Determined in a similar manner, the transfer function for

¢ is

¢ 096‘2 +Cio8+Cuy

5, F TGt O - O 0, (410)
and the transfer function for ¢ is
¥ CO128°+ Cia8°+ Cis+-Cis (All)

5 8(*4Cis*+Ci’+ Cs+-0C))

The lateral-acceleration transfer function may be developed
from the sideslip transfer function in the following manner:
The lateral acceleration is usually defined as

a,=V(DB+Dyp—Ks¢) (A12)
Substituting equation (Al) into (A12) yields
Ta,=VF4,t)— VKB (A13)
Therefore,
R .C))
P VF, 5) VK, (A14)
or
%_01e34+ O128%+ C158°+ C18+Cao (A15)

5, &+ 08+ Cs*+Cs+C,
MODES

The characteristic equation of lateral motion is obtained
by expanding the determinant of the coefficients of equations
(A1), (A2), and (A3) and is

8(s*+ 0188+ Cos®+ Uss+C) =0 (A16)
This equation can be factored as follows:
8(8+NM) (8+Ng) (s+E—1n) (s+E+) =0 (A17)

where the root 8=0 indicates that the aircraft is insensitive
to azimuth, the root ), is the damping-in-roll mode, the root
A is the spiral mode, and the root —f419 is the Dutch roll
mode, an oscilatory motion composed of roll, yaw, and
sideslip. Themodes of this airplane are indicated in table X.
An approximate expression for \; which gives excellent re-
sults is

C, O/
G Cf

FREQUENCY RESPONSE

A= (A18)

The frequency response which is the steady-state response
to o sinusoidal input consists of an amplitude-ratio and phase-
angle relation between inputand response for various values
of w. It is determined by substituting $=17w into equations
(A9), (A10), (A1l1), and (A15), respectively, for 8, ¢, ¥, and
ay and is a complex expression. The amplitude ratio is the
square root of the sum of the squares of the real and imagi-
nary parts of the complex expression and the phase angle
® is the arc tangent of the ratio of the imaginary part to the
real part.

The amplitude ratio for sideslip angle 8is

_E = (Cs— Co”)* +(Cro—Cpr®)? (A19)
6, (w4—02(02+ 04)2+(030.)_01a)3)2
and the phase-angle relation between 8 and §, is
_ _ 01(:.)_05 _ 03(0_'010)3
@g,r—t&n 1 g —tan™? F— O 1T, (A20)
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The amplitude ratio for roll ¢ is

‘;.E [ Cu—CoP+Cus), 42)
5, (w‘—02w2+04)2+(03w—0103)2
and the phase-angle relation between ¢ and 3, is
_ _ 0100) . — 030.) 01(.0
By, =ton™t (2 ) —tan~ (G2) (a2
The amplitude ratio for yaw ¢ is
i = J (Cis— Glzw2)2+(014w—0uw3)2 (A23)
5 (Cro*—Cyo) (" — Op®+ O )?

and the phase-angle relation between y and 3, is
014(0 0120) 050) +04(.0

o =ton™ (G )—tanni (S 2 oy
The amplitude ratio for lateral acceleration a, is
(Glew‘ 01340’ + 02'1)"{' (0190-‘ 017‘*’3) ( ‘A9 5)
8, (0*— G+ 04)"[‘ (C’,w-—Olwx)’

and the phase-angle relation between a, and §, is

. - 01960‘-'017(.0 _ -1 ng 01
' tI)ﬂ"“r—--m‘rl 1(0100-’ A—Cipw*+Cpo tan W'—0 20’0y
(A26)




APPENDIX B

DETERMINATION OF LATERAL-STABILITY DERIVATIVES BY USE OF FREQUENCY RESPONSES DERIVED FROM CALCULATED
TRANSIENT RESPONSES TO AILERON DEFLECTION

Transient responses in roll, yaw, and sideslip to & square-
pulse aileron deflection were calculated for the airplane
whose mass and aerodynamic chearacteristics are given in
table XI. These transients and assumed aileron time his-
tories are presented in figure 7.

TABLE XI.—PARAMETERS OF AIRPLANE USED AS
EXAMPLE IN APPENDIX B

Altitude, b oee oo o e 30, 000
Wing loading, Wb/sq £t - __. - 66
V, ftf8ee . o e 797
L 28
L0 S 0. 23
I o e o e e ————————— 80.7
K o e 0. 0097
K e e 0. 0513
Rz e e e 0. 00145
Ciyperradian. . ____ —0. 40
Cy perradian_ ___ . _____ 0. 08
Cuyperradian.._._____________________________________ —0. 02
Cu,perradian__ . ___. —0.40
Cry porradien. . ________ -1.0
C’,.‘, perradian. e 0.25

Cy, per radian_____~ e e e —0.126

G,, Per TAAIAD o o e —0.11

a
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(a) Rolling velocity.

Fraure 7.—Calculation of transient nses to a sciuare-pulsa aileron
deflection for the airplane defined in tab.

The frequency responses D¢/s., Dy/[s;, and B/8, were ob-
tained from analysis of the calculated transient responses
D¢, Dy, and B to the assumed aileron deflection by use of
the equation

f ae"‘F(t)dt_
[Fema0a™®

The Laplace transforms of the responses were obtained by
fitting various functions, such as polynomials or trigono-
metric functions, to finite sections of the respective output

o 8xI0°
2 4L
S
%)
3 -4
s 8r
Q 2} é‘ /
>3
TE -6 §§ o
T -20F -8'?3 : N I
o 26| §
c 5 a_.oq__l_.l_l
z 28 (b) ‘ 2 o_”4 8 12
>-_321||||||||x||1mesec|
0 4 8 12 16,20 2428 32 36 40 44 48 52 56 60 64 68 7.2
. Time, sec
(b) Yawing velocity.
Figure 7.—Continued.
32xI0

VA
i

O

gle of sideslip, 8, radions
R& &
T T T
~Aileron deflection,
radians<
o)
Y

32k
40} () S T B 2
Tlme sec
-48 1 1 [l 1 [ | 1 1 1 1 1
04.8121.6202428323640444852566064687.2

Time, sec
(c) Angle of sideslip.
Fiaure 7.—Concluded.

curves and thus performing analytically the required inte-

. grations from 0 to « in finite time intervals as described in

reference 8. These transforms were then evaluated for a
number of values of iw (where s=iw) and frequency-response
data were obtained. These data have been plotted in
figure 8 where they are represented by the triangular test
points.

For purposes of comparison, the frequency responses for
the airplane were calculated from the basic mass and aero-
dynamic characteristics and are also presented in figure 8 in
the form of curves. The agreement between these two sets

"of data is seen to be excellent.

In addition, the frequency responses were obtained from
the calculated transients by use of IBM equipment. The
Fourier transform of each transient was obtained from a

.numerical evaluation, by means of the IBM eqmpment of

the mtegml

Se e F Q) dt ,
453
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stabﬂity derivatives pr, 013, 01 , 0; 01‘ 0 0 and

C,. These results are presented in table XII along with
the values assumed for the calculation of the transient
motions. Results are also presented for the case where
equations (1), (2), and (3) of the body of the report were
not separated into real and imaginary parts but were treated
as vector equations and the method of least squares applied
in & manner similar to that described in reference 4. Tho
amount of work required in the least-squares process as
shown in appendix C is less when these equations are treated

'as vector equations, but a limitation is introduced in that

a parameter such as K, which is difficult to extract with
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good accuracy cannot be eliminated as it was in the body
of the report when the equations were separated.

A comparison of the values of the derivatives based on
frequency responses obtained by the curve-fitting method
and obtained from the two methods of treating the equa-
tions of motion indicates very good agreement for all the
parameters except (. The poor agreement for C;_is felt

TABLE XII.—COMPARISON BETWEEN STABILITY DERIV-
ATIVES USED IN CALCULATION OF TRANSIENTS AND
THOSE DERIVED FROM TRANSIENTS FOR EXAMPLE IN
APPENDIX B

Translent anal
fitting mnyaixﬁdm Tmmaelgmag;lﬁ AL
Derlvative | AQmed
s From eqs. of | From eqs. of | From eqs. of | From eqgs. of

present motion as present motion as

report vectar eqs. report vector eqs.
C’z' —0. 400 —0.378 —0.397 —0.388 -—0.391
Cx'_ 0.080 0.0882 0.110 0.130 0.099
C:, —0.128 -0.127 —0.134 —0.129 —0.128
C'x,. —0. 100 —0.100 -0.100 —0.088 —0.099
C..’ —0.020 —0.020 —0.021 —0.020 —0.025
C.r —0.400 —0.382 —0. 397 —0.788 —0.646
C’.ﬁ 0.250 0. 253 0. 257 0.213 0.258
C’r’ —1.000 —1.050 —1.003 —Q. 600 1. 260

not to be significant since C; generally makes a negligible
contribution to the lateral motions of an airplane and is
important only in the lightly damped spiral mode of motion
which is very difficult to define accurately from a transient
Tespounse.

A similar comparison of the two sets of values based on
frequency responses obtained with the IBM equipment
shows good agreement except for the derivatives C;, C,,
and Cr. The poor agreement between the initially as-
sumed va.lues of i, C,, and Cr, end those calculated from
the frequency responses obtained with the IBM equip-
ment is probably due partly to the fact that data were not
obtained for frequencies near the natural frequency of the
airplane with the particular routine used for the IBMI
equipment and partly to small inaccuracies that exist in
the data at the frequencies that were' included. These
small inaccuracies undoubtedly could have been reduced
somewhat by the use of a smaller time interval in the numer-
ical integrations performed by the IBM equipment.

The use of the frequency-response data which were ob-
tained from the transient responses by the curve-fitting
method and which included frequencies near the natural
frequency of the airplane resultéd in good agreement for
these derivatives. Therefore, it appears that further investi- |
gation into the effects of the choice of the frequency
range to be used in extracting stability derivatives from the
frequency-response data is warranted.



APPENDIX C
LEAST-SQUARES VECTOR SOLUTION OF THE EQUATIONS OF LATERAL MOTION

Some of the results shown in table XTI were obtained by
applying the method of reference 4 to the lateral equations
of motion (appendix B). The important details of this
method are illustrated in this appendix by applying them to
equation (1) which is

Dg+EK f—Kap+Dy=F, [5, (1]

If the flight data are expressed in frequency-response form,
that is for every frequency w; there is an amplitude ratio and
a phase-angle relationship, then the lateral variables can be
considered to be constant-amplitude vectors rotating in the
complex plane with fixed phase relationships for any given
frequency. Equation (C1) can be expressed as

(C1)

(Dﬁr +K‘<a,) —K"(,:) +C) —F=0; (j=wi, s - - - wn)
(©2)
2 G-

. are the airplane frequency re-
Sponses expressed in vector form, and the residual v, is a
vector at each frequency. In this treatment K; is assumed
to be known and the most probable values of the unknowns

K, and F, are such as to make the sum of the squares of the

where

residual & minimum ; that is, _12 (v;)? is equal to & minimum.
=

The square of the residual vector is obtained from the scalar
or dot product of the two vectors, namely,

(C3)

v50,=(v;)*

The values of K; and F, which satisfy the condition that jﬁ) (v5)? be & minimum are obtained from a simultaneous

solution of the equations

_K: % (v5-99=0 (C4)
3 F1 Z (©s-9)=0 (Cs)
These equations after expansion are written in matrix form as follows:
(a) For the sideslipping motion
n a0 || B 3 (~eBr—wBi—Kidy),
(=] Da - 2 = O (06)
Sean 5(f) || =] | Beas-ndr stz
(b) For the rolling motion
[ n a0 @By, Sty |5
3 (49, fz(ﬁ) $ ol ABhABY,  SiefdBi—ABY | | K
Jmen = \ [8;]/ 4 J=n J=o
* >~ =
BBy Becasdtasy  S(Y) S-eadrss || &
B—eB)  BoldB—AB)  3—elAdrtBB, 3« ’) K,
| f== jom Jmen Jreeon 5,- J v J
( BruM—ArtEA, ]
:;; w0 (ApA s+ BsBs—KoApAy—K ByBy);
< > (CD)
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(¢) For the yawing motion

$
5,

G

lg”;(—wBa, 35 a—4sBstAB0);

35 wi(46By—AyBa)s

icay fman

2 (wBy);

[ a 3 @, 25 —aBo; Sy |[B)
P ﬁm(f— )j Sloi—ABst Bl B eldBe—aB | | K

i - 012(A¢Aw+3 ¢B V1

S — 0} (dAy+BBY; | | Ko

Jumwy
o, 2 Z
fgl @ Er ’>_1 ] tKIO-‘
( 2 ol EAD, ]
j§~wf(—ApA+—BaB++KM+KsBpB¢)J L
) - (©8)

j_zw)l wf(—AsBy+A4:By);

\ jg Ky (AsBy—BsAy);

where 7 is the number of frequency points and the definitions of Ag, Bs, Ay, By, A,, and B, are given in equations (8) and 9).
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